Introduction
In 1960, Ulam for all x, y ∈ X, then there exists a unique additive mapping T : X → Y such that f x − T x < , for all x ∈ X. Let f : X → Y be a mapping such that f tx is continuous in t ∈ R , for each fixed x ∈ X. Suppose for some > 0 and p ∈ 0, 1 ,
for all x, y ∈ X. Rassias 3 showed that there exists a unique R-linear mapping T : X → Y such that f x − T x < 2 2 − 2 p x p , 1.3 for all x ∈ X. Gȃvruţa 4 generalized the results of Rassias. The functional equation f x y f x − y 2f x 2f y is called the quadratic functional equation. In particular every solution of the quadratic functional equation is said to be a quadratic mapping see 5, 6 . It is well known that a mapping f between real vector spaces is quadratic if and only if there exists a unique symmetric biadditive mapping B such that f x B x, x , for all x see 7-9 . A generalized Hyers-Ulam stability problem for the quadratic functional equation was proved by Skof 10 for mappings f : X → Y , where X is a normed space and Y is a Banach space. Cholewa 11 noticed that the theorem of Skof is still true if the relevant domain X is replaced by an Abelian group. In 12 , Czerwik proved the generalized Hyers-Ulam stability of the quadratic functional equation. Borelli and Forti 13 generalized the stability result as follows cf. 14, 15 : let G be an Abelian group and X a Banach space. Assume that a mapping f : G → X satisfies the functional inequality f x y f x − y − 2f x − 2f y ≤ ϕ x, y , 1.4 for all x, y ∈ G, and ϕ : G × G → 0, ∞ is a function such that φ x, y :
for all x, y ∈ G. Then there exists a unique quadratic mapping Q : G → X with the property f x − Q x ≤ φ x, x , for all x ∈ G. Stability of the quadratic functional was also studied by many other authors in various cases see, e.g., 16-25 . Let X and Y be some given vector spaces, and let f : X → Y be a given mapping. For any k ≥ 3, define
where x i ∈ X, i 1, . . . , k. One can see that the quadratic function f : R → R defined by f x x 2 and any additive mapping satisfy not only the following functional equation:
for all x i ∈ R . So it is natural that these functional equations are called quadratic additive.
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The functional equation 1.7 was first solved by Kannappan. In fact he proved that a mapping f on a real vector space is a solution of 1.7 if and only if there exists a symmetric biadditive mapping B and an additive mapping A such that f x B x, x A x , for any x see 9 . The stability problem for 1.7 is also studied in 26 . Moreover 1.7 was pexiderized and solved by Kannappan 9 .
In 27 , solutions and the generalized Hyers-Ulam-Rassias stability of the functional equation 1.8 have been studied for k 3.
The generalized Hyers-Ulam-Rassias stability problem for the functional equation 1.8 was first considered by Bae and Park 28 . Also solutions and the generalized UlamGȃvruţa-Rassias stability of this functional equation were studied by Nakmahachalasint 29 . Indeed for its solutions the following theorem is proved. In Section 2 of this paper, we will prove that the functional equation 1.8 is equivalent to the functional equation 1.7 . In Section 3, first we prove the generalized Hyers-UlamRassias stability of the functional equation 1.8 in non-Archimedean normed spaces, and then as a consequence of this result, we prove the generalized Hyers-Ulam-Rassias stability of 1.8 in non-Archimedean normed spaces. Finally using the methods of Theorem 3.1. in 29 , directly the generalized Hyers-Ulam-Rassias stability of 1.8 will be proved in non-Archimedean normed spaces. The stability problem in non-Archimedean case has been studied by many authors, for example, see 30-34 .
First we need some preliminaries in non-Archimedean normed space. Let K be a field. A non-Archimedean absolute value on K is a function | · | : K → R such that for any a, b ∈ K we have i |a| ≥ 0 and equality holds if and only if a 0, ii |ab| |a||b|, iii |a b| ≤ max{|a|, |b|}.
Condition iii is called the strong triangle inequality. By ii , we have |1| | − 1| 1. Thus, by induction, it follows from iii that |n| ≤ 1, for each integer n. We always assume in addition that | · | is nontrivial, that is, iv there is an a 0 ∈ K such that |a 0 | / 0, 1.
Let X be a linear space over a scalar field K with a non-Archimedean nontrivial valuation | · |. A function · : X → R is a non-Archimedean norm valuation if it is a norm over K with the strong triangle inequality ultrametric ; namely,
Then X, · is called a non-Archimedean normed space.
By a complete non-Archimedean normed space we mean one in which every Cauchy sequence is convergent.
Thanks to the inequality
a sequence {x n } is Cauchy if and only if {x n 1 − x n } converges to zero in a non-Archimedean space. Proof. We can easily see that 1.8 implies 1.7 . Now, suppose a mapping f : X → Y satisfies 1.7 , for all x, y ∈ X. Using mathematical induction, we are going to show that, for any k ≥ 3,
Solution of the
, and suppose 2.1 holds for k − 1, we prove that 2.1 is valid for k. Let x 1 , x 2 , . . . , x k ∈ X be given and k odd. By the assumption of induction, we have
2.2
The proof of the case that k is even is very similar and is omitted. Thus 1.7 and 1.8 are equivalent.
Generalized Hyers-Ulam-Rassias Stability of the Functional Equation 1.8
In this section, we assume that X and Y are a linear space and a complete non-Archimedean normed space, respectively, over a scalar field K with a non-Archimedean nontrivial valuation | · |.
Lemma 3.1. Assume that a mapping f : X → Y satisfies the following inequality:
where ϕ : X × X × X → 0, ∞ is an arbitrary mapping and x, y, z ∈ X. Then,
3.2
for all x ∈ X and n ∈ N.
Proof. If we replace x, y and z in 3.1 by 0, we get f 0 ≤ ϕ 0, 0, 0 . Putting x y −z in 3.1 , it yields
By substituting −x for x in 3.3 , we get
We use induction on n to prove our claim. By 3.3 and 3.4 , we have
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This proves the validity of the inequality 3.2 for n 1. Now, assume that inequality 3.2 holds true for some n ∈ N. By using 3.3 , 3.4 , and the following relation
we get inequality 3.2 for n 1. This completes the proof.
In the following two theorems, the generalized Hyers-Ulam-Rassias stability of 1.7 is proved under the approximately even and approximately odd conditions, respectively.
Theorem 3.2. Assume that a mapping f : X → Y satisfies the following inequality:
where ϕ : X × X × X → 0, ∞ and ψ : X → 0, ∞ are mappings such that
for all x, y, z ∈ X. Then there exists a unique quadratic mapping Q : X → Y which satisfies 1.7 and the inequality
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where
for all x, y, z ∈ X. If moreover f is measurable or f tx is continuous in t for each fixed x ∈ X then Q tx t 2 Q x , for all x ∈ X and t ∈ R .
Proof. It follows from 3.2 , the second condition in 3.7 and Lemma 3.1, that
3.12
By 3.12 , for n ≥ m, we have
3.13
Replacing n, m with n 1, n, respectively, in 3.13 , we can easily get
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The sequence {f 2 n x /2 2n } is a Cauchy sequence, since the right-hand side of the inequality 3.14 tends to 0 as n tends to ∞. Therefore, we may apply a direct method for definition of Q. Define
Q x lim
for all x ∈ X. From the first condition in 3.7 , it follows that
for all x, y, z ∈ X and for all n ∈ N. Therefore, by letting n → ∞ in the last inequality, from 3.8 , it is clear that Q is a solution of 1.7 . Analogously, by the second condition in 3.7 , Q is even. By putting z −y in 1.7 and taking account of Q 0 0, we see Q as an even solution of 1.7 and so is quadratic. According to |2| n ≤ 1 for all n ∈ N, we get
Then from 3.12 and definition of Q one may see that inequality 3.10 holds true. Now, let T : X → Y be another quadratic mapping which satisfies 1.7 and inequality 3.10 . Obviously, we have
for all x ∈ X and n ∈ N. Hence, it follows from 3.10 that
for all x ∈ X and n ∈ N. Applying 3.8 and letting n → ∞ in the preceding inequality, we immediately conclude the uniqueness of Q. The proof of the last assertion in the theorem goes through in the same way as that of Theorem 1 12 .
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for all x ∈ X.
Proof. From 3.2 , the second condition in 3.20 , and Lemma 3.1, we get
3.22
For n ≥ m, we have
3.23
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3.24
Conditions of ϕ and ψ and |4| ≤ |2| imply that sequence {f 2 n x /2 n } is a Cauchy sequence. Now, for any x ∈ X, define
Similarly, as in the proof of Theorem 3.2, due to 3.20 , we may see that the mapping F satisfies 1.7 and is an odd function. By putting z −y in 1.7 , considering the oddness of F, and letting u x y, v x − y, we get
According to 35 , the mapping F is additive, since F 0 0. The validity of inequality 3.21 follows directly from 3.22 and the definition of F. Now, let G : X → Y be another additive mapping which satisfies 3.21 . It then follows from 3.21 that
for all x ∈ X and n ∈ N. This implies the uniqueness of F. 
28
where φ : X k → 0, ∞ and ψ : X → 0, ∞ are mappings such that
for all x, y, z ∈ X. Then there exists a unique quadratic mapping Q : X → Y which satisfies 1.8 and the following inequality:
3.32
Proof. By letting x i 0, i 1, . . . , k, in 3.28 we get
and also from 3.28 and 3.33 we have
3.34
Now by considering ϕ x, y, z
. . , 0 }, we may see that ϕ satisfies 3.8 , and so using Theorem 3.2, we get 3.31 . 
In the following theorem, using 29 Theorem 3.1, the generalized Hyers-Ulam-Rassias stability of 1.8 is proved directly in non-Archimedean normed spaces. Note that the conditions on φ in this theorem are different from the previous conditions. 
where 
3.46
Replacing x by −x, we get
Then,
3.48
Rewrite the inequality on f e as f e x − f e 2x /4 ≤ 1/|2| 3 ϕ x for all x ∈ X. Then by replacing x by 2 m x and dividing both sides by 4 m we have
Thus
for every positive integer m. If we rewrite the inequality for
2 ϕ x and repeat the same steps as in the case of f e , we will have 
By similar way we have
Define T x T e x T o x , for all x ∈ X. In order to show that T satisfies 1. 
